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A solution of the problem concerning the strain of an isotropic elastic space with
a spherical cavity by arbitrary normal loads applied to the cavity surface is ob-
tained in quadratures by the method elucidated in [1, 2]. The corresponding axi-
symmetric problem is solved for arbitrary normal loads and tangential loads act-
ing in the meridian plane. As an illustration, a solution is presented of the prob-
lem for an axisymmetric load distributed uniformly on an infinitely thin ring,
and for the case of a concentrated normal force,

1. Letus perform the investigation in a spherical r, § , ¢ coordinate system.

Let us first analyze the axisymmetric problem of the deformation of an isotropic elas-
tic space r> R with a spherical cavity by arbitrary normal o (9) and tangential T (6)
loads applied to the sphere r = R.

It is known [3] that the problem of the equilibrium of an axisymmetrically loaded
body of revolution decomposes into two self-consistent problems; the problem of torsion
relative to the axis of symmetry and the problem of deformation in the meridian plane,
Let us limit ourselves to an analysis of the latter problem.

Let us represent the external loads given on.the sphere r = R as series (3] (P, {2)

are Legendre polynomials) -

6(0) — 2 gnPn(cose), 1’(0): 2 Tﬂm (1. 1)

n=0 n=1 a8
2n 41 ¢ .
Op == 3 Sc(e) P, (cos8)sin 0 do (1.2)
0

2nbl dP, (cos8)

Tn =35 (n+1) Sf nde sin 0 dO
0
The boundary conditions on the sphere r = R are

Oy = —0(9), Trg = —T(e)y T"Q= 0 (1.3)

The solution of the equilibrium equations in displacements which vanishes at infinity
can be represented as [3]

oo

A B
ur—_—Z[r_:n(n+3—4v)—-rn—_:'1(n—}—i)]Pn(cose) (1.4)
n=0
< 4, B, 1dP, (cos 6)
Uy = 2_11[7'(—-”+4—4v)+r_nﬁ]7—

Substituting the stresses o, and v,, determined by means of the displacements v, and
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1y into the boundary conditions and taking (1. 1) into account, we obtain a system of

two linear algebraic equations for the constants 4, and B, (n =1, 2, . ..)
n(n?<4-3n — 2v) (n+1)(n+2)
2G = A, Fat —B, Fan (1.9)
Tpn n? —2 - 2v n-+4+2
22 An R + Bn R

Here @, is the shear modulus,and v is the Poisson's ratio. The determinant of this
system is not zero for all values of n = 1, 2,
The solution of the system (1, 5) is the following

A, ——%t%]i‘"“ A=ntt(d—2vnf1—v (1.6)
B. — Sn(n?—2+4 2v) 4 tnn (n2 30 — 2v) R™*3
r 4GA (n - 2)

Substituting the values found for the coefficients A, and B, into (1.4) and taking
account of the relationship (1.2), we obtain

u, =I5, ug = Ias (1.7
T
Ig= 5 S[G (@) H, + 7 (o) H,] sina da
0
Here
2 =2t 4 5P, (c036) P, (cos ) (1.8)
4

2 Hy =S P, (cos e)ﬁp_ﬁ%’i"l

i Hs = S dﬁ%&i@ P, (cos a)

4 S(B) dPy, (cos B) dP, (cos a)
s a0 da

A n ntg R
S — 2 (A" + Az )y 2= —
n=\

B n n+g
Sip) = Z Bz + Bz )

n=1

A _n2n+1)(n4+ 3 —4v) A :_(2n+1)(n—|—1)(n2——2+2v) (1. 9)
n = A ’ n (n4+2)A

B _@2r+1(n+3—4v) B . 2rn 1) (n24-3n —2v)

in A i 2n (n4-2)A

A __(2n+1)(n—4+4v) 4 e y(r—212v)

n ! in (n4+2)A

B — (2n+1)(n—-4—,—4v) B . (2n+1) (24 3n — 2v)

8n T nA n "+ (n+2A

The coefficients 4;, and B, (i = 1, 2, 3, 4) can be represented as follows (a and
@& are complex-conjugate roots of the equation A = 0):
Ci
— v 41—
= (2n 1)+ 41— —

(1.10)



On the closed solution of the first boundary value problem of elasticity theory 919

Azn:—(211+1)+4(1'—")*nj_2+ni2a+nizﬁ
A3n=—2+n—-a+n%d' A4“:2_n-2f-2+"c‘vja+ de
Ban:'::“{‘,,?.sa_*_nb-}ﬁ

9 9 Dy l_)a_

B4"=n+1—n—{—2 n—a n—a

1 —2v .V3—4v2
e R

The quantities C; and D, (i = 1, 2, 3, 4) depend only on the Poisson's ratio

Crm= =24 6v —4yaf § SV —12V2 4 8v3
V3—Zv

Ca=1 +2v—4v2+,2—5\’—4v2—}—8v8

V3= %
Di=Mt (5 4y 3-10vi8v
2 V3i—iw
Dy=Co—Cy—D1, C3=—3Cy, C4=ngcl

2(1—v)
V34w
Let us convert (1. 8) for the functions H; (i = 1, 2, 3, 4) by using the relationship
(which follows from the theorem for addition of spherical functions)
n/[2
P, (c0s B) P, (cos &) = —i- % P (A dy
0

D3=-—3Dy, Dy=1+4i

We obtain
= ¢cos (0 4 &) 4- 2 sin 8 sin a sin
" n/2 {3 2
Hi= %ﬁ—{—? & SOP, (A dp Hy= 12 S SBP (M ay (111
0 1]
1o ¢ 1 o ¢
= \ SWp Ndp Hi= s d
=55 S Wa = 5 575 ) SuPab)d¥
0 0

The series in (1.11) can be summed if (1.10) is taken into account and the following

formulas are used [1, 4];

Z:cP(A) s(z}.,) s(z,A) = Vat—2zh -1
1
glnz P (}\')-I z s(z, A)

oo n x

DI pran= %de i z"P,.(x)=§§.[s(z+M_1]dy
0

n=1 0 N==a}
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o x e 1
- —-(1+a)
=zagd:p E‘ e 1P,.(X)=S-—y-—-——dy, Rea <0
s(zy, M)
n=1 0 Nn=0

To the accuracy of a factor —1/ a the last integral agrees with a hypergeometric
function of two variables Fy (—a, Yy, Yy, 1 — a; ze! WCCOSA gomtarceosdy 5 follows
from its integral representation [5].

Also taking into account that [4]

/2 d'll) K (k\)
h2 =123 —2zcos(0 +a 1
S sz, Ak et
0
k3% = 4 z sin 0 sin a

where K (k) is the complete elliptic integral of the first kind, we finally obtain

H1=~5_4'4vn——1—;‘2vm:’+2(1—-v)( + z2) k)—}— (1.12)
1—z? (k) 3 K (k) C1+ Cox® Kk _n7,
. { + 2 ]+R S(—_y““ zy) [——hl 2} y
0

1
_ 3 K (k) Dy+ Daz® o K (ki)
He——ﬂ———z’)%__h_—{—ReS(_?;a__ z*y)a—&——}rd!/

e (g?— 8K(k) S Cs 4 Cax® _ , iK(kl)d
Hg = (x 1) — 5 + Re _...____y1+a %y B Y

3

Ds 4 Dex? | 2 0 K (k)
== Re S[ 1+a + 7 + z? ( J)] ae g dJ

0
hd = 2%y — 2 zycos (8 + a) + 1, k2 = 4 zy 8in O sin o

Therefore, the solution (1, 7) of the first axisymmetric boundary value problem of
elasticity theory for a space with a spherical cavity is represented in quadratures.

Using the properties of the complete elliptic integrals of the first and second kinds
and of their derivatives [4], it can be shown that the functions H; (z, 8, @) (i = 1, 2, 3,
4) are continuous for r > R (0 < z <{ 1). They have discontinuities at @ = 0 on the
sphere r =R .

As a — 0 ,the following representations hold:

His(1,9, a@)sina= —2{1—vn|0 —al-+ 0110, o)
Hys (1, 8, ) 2 sin & = (1—2v)n sgn (@ — 6) -+ Q2,3 (6, &)

The functions Q; (8, @) (i = 1, 2, 3, 4) are bounded and contonuous for 0 < 0,0 < x.
Let us note the following properties of the functions H;:

Hia(z, 0, n —a)=Hia(z, n — 6, a), H23(z,08, 8 —a) = — Ho3(z, n — 0, o)

2, As an example, let us consider the problem of the deformation of an elastic space
r> R withasphericalcavity by a normal force P and a tangential force @ distributed
uniformly in an infinitely thin ring r = R, ® = 8,. The load distributed along a line
should certainly be considered as the limit value of the corresponding surface load.



On the closed solutlon of the first boundary value problem of elasticity theory 921

The boundary conditions for r = R are (8 (z) is the Dirac delta function)

5, = —P8—0) = L Qla—8) = . g (2.1)

r 2nREsin 60 2nR*sin B = ¢
Substituting the values ¢ (&) = — or and T (@) = — 1,4 given by the relationships
(2.1) into the solution (1.7), we obtain
Ur =112°, 1 =134°
° 0
I, —W[PH (2,9, 80) + QH (x,0,80)]

The functions H; (i=1, 2, 3, 4) are given by (1, 12) in which we should set & = @,.
It is seen from (1. 7) that the functions H; are Green's functions of the first axisymmet-
ric boundary value problem of elasticity theory for a space with a spherical cavity.

3, Let us consider the problem of the deformation of an elastic space r> R with
a spherical cavity by a normal concentrated force P applied at the pole 6 = 0 of the

sphere r = R.
The boundary conditions at r= R are
—_ _P8(9) -
ST wmsme T Tre T

According to (1.7), the solution of the problem is

Hi(z,0,0), uy= Hs(z,9,0)

u P
rT 3 2RG 2RG
Here, in conformity with (1.12)
.J%Hl(z, 0, 0) =14 22— {—2 L4+ 20 (1 —v)] —

S +z-—-cosB

z (1 —x2)(z —cos0)

5 TSt = -
e gi.__czzz[i—ﬂ(—a,i,i, 1—a; a:eie, ze’ie)]
a 22
H z(1—=z?) ;| (1 —2sin20)z — (1 — S)cos @
neme 3 (@ 0, 0)= K + § 3in20 +
]nw—-zﬁew_}} (1—-(1,_:1,_3_ 2 —a, zet?, o9
t —cosB —a 2

S =Vaz*—2zcos0 1

4. The solution obtained for the problem of the effect of a concentrated force is a
Green's function of the non-axisymmetric boundary value problem for an elastic space
with a spherical cavity.

If an arbitrary normal load ¢ = o (9, @) is applied to the surface r = R ,then the

solution is w, =Ji, ug=Ja

2 b

n R

J o=~ SdBSc(a, B)Hk<_r,g,o) sin o dx
FR

0° == arc cos [cos 0 cosa - sin 0 sin a cos (¢ — B)]
Therefore, a closed solution has been obtained for the problem of deformation of an
elastic space with a spherical cavity by an arbitrary non-axisymmetric normal load
applied to the cavity surface.
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Hypotheses relative to the character of variation of the electromagnetic field
and elastic displacements over the thickness of a plate were formulated in [1,
2] on the basis of solutions obtained by the method of asymptotic integration of
the three-dimensional equations of magnetoelasticity, Two-dimensional equa-
tions of magnetoelasticity, in which unknown boundary values of the components
induced by the electromagnetic field enter, have been obtained on the basis of
these hypotheses, The equations obtained must hence be examined in combina-
tion with the Maxwell equations for the medium surrounding the plate under
general boundary conditions at the interface of the two media. This meansthat
the magnetoelasticity problem nevertheless remains three-dimensional.

On the basis of the mentioned hypotheses for the magnetoelasticity of thin
bodies [1, 2], an attempt is made in this paper to reduce the three-dimensional
magnetoelasticity problem to a two-dimensional problem, which will substan-
tially facilitate the investigation of questions about the magnetoelasticity of
thin bodies.

Let an isotropic plate of constant thickness 2 h, fabricated from a material with

finite electrical conductivity, be in an external stationary magnetic field with a given
magnetic induction vector By, = (B,,, B,,, By;). The problem is solved under the as-
sumption that the Maxwell equations for a vacuum are valid for the medium surround-
ing the plate. It is also assumed that the influence of displacement currents on the elas-
tic vibrations characteristics can be neglected.

The elastic and electromagnetic properties of the plate material are characterized



